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ABSTRACT 

A model o f  an ion exosphere i s  set  up and an expression i s  derived 

for the v a r i a t i o n  o f  densi ty w i th  a l t i t u d e .  The ions are considered t o  be 

under the contro l  o f  superimposed g rav i ta t i ona l  and s ta t i c ,  centered-dipole 

magnetic f i e l d s  and to have mir ror  po ints  i n  the barosphere. Co l l i s i ons  are 

ignored and the p a r t i c l e s  are assumed t o  be trapped i n  the d ipo le  f i e l d .  

By use o f  the f i r s t  adiabatic invar iant  and L i o u v i l l e ' s  theorem, the 

' dens i ty  i s  found t o  f a l l  o f f  faster  w i th  height i n  the exo-magnetosphere than 

in  e i t h e r  a neutral  exosphere o r  an ionized barosphere, A j u s t i f i c a t i o n  of  

the use o f  reduced e f f e c t i v e  g rav i t y  f o r  the scale height o f  the ions i s  

given i n  the append x. 
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mean f ree paths are o f  the same 

a l i n e  of force, w i l l  be much h 

since the Coulomb cross-section 

cross-section. Such an exosphe 

I NTRODUCT I ON 

The base o f  a t rue  ian-exosphere, i.e. a region, i n  which ion ic  

order o f  magnitude as the path length along 

gher than tha t  o f  the neutral  exosphere, 

i s  much greater than the gas-kinetic 

e w i l l  have i t s  base i n  a magnetospheric reg i  I 

i n  which the ion densi ty i s  o f  the order o f  a few hundred per cubic centimeter. 

The complete physical problem i s  one o f  iimnense complexity, even when the neutral  

pa r t i c l es  are ignored, involving, i n t e r  a l ia ,  various mechanisms o f  ion creat ion 

and loss, interact ions w i th  gravi tat ional ,  magnetic and, as yet  unspecif ied 

e l e c t r i c  f ie lds ,  d i f f u s i o n  processes o f  various types and even interplanetary 

plasma and the so lar  wind. 

I n  order t o  s imp l i f y  the problem, we sha l l  consider on ly  the e f fec ts  

o f  the superimposed grav i ta t ional  and s ta t i c ,  centered-dipole magnetic f i e l d s  

upon ions, the mirror points of which are below an imaginary interface, the 

baropause, separating the lower region, the barosphere, i n  which charged 

- p a r t i c l e s  are i n  hydrostat ic equi l  i 

i n  which co l l i s i ons  can be ignored. 

assume tha t  a l l  o f  the charged part  

Therefore, we must take 1 im i t ing  ex 

f o r  even very rare c o l l  isons would, 

rium from the upper region, the exosphere, 

There are no escape orb i ts ,  f o r  we 

c les are trapped by the magnetic f i e ld .  

spheric case o f  no c o l l i s i o n s  whatsoever, 

i n  the case of  trapped par t i c les ,  lead 

eventual ly to the establishment o f  hydrostat ic equi l ibr ium. Under t h i s  

assumption, there w i l l  be no par t i c les  w i th  mi r ro r  points i n  the exosphere 

i t s e l f .  We sha l l  a lso assume that .  a t  the baropause, the ve loc i t y  d i s t r i b u t i o n  

i s  Maxwellian, w i th  a c o m n  temperature for both the ions and the electrons. 

It i s  shown i n  the appendix that, from the existence o f  such a comnon temperature, 

i t  fol lows that the e f fec t  o f  the e lect ron s on the motion o f  the ions i s  t o  

reduce t h e i r  g rav i ta t iona l  accelerat ion by a fac to r  o f  ( 1  + Z), where 2 i s  
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the degree o f  ionizat ion.  

The problem of computing the densi ty  d i s t r i b u t i o n  for  the iso la ted  
I 1  

neut ra l  exosphere has been treated by Opik and Singer (1959; 1961), who 

der ived an expression for the densi ty d i s t r i b u t i o n  as a func t ion  of 

a l t i tude .  However, the analogous problem f o r  an ionized exosphere 

involves considerat ion of the e f f e c t  o f  the magnetic f i e l d ,  as w e l l  as 

the g rav i ta t i ona l  f i e l d .  Johnson (1959; 1960) has discussed the d i s t r i -  

bu t ion  o f  protons i n  the region above 800 km, using a barometric neutra l  

d i s t r i bu t i on ,  modified by an inverse cube attenuation. In Johnson's 

model, the p a r t i c l e s  are envisaged as spreading apart  as they go upward, 

and crowding together as they go downward. 

i s  cha rac te r i s t i c  on l y  of  those par t i c les ,  whose speed i s  below a c e r t a i n  

c r i t i c a l  value; the fas te r  pa r t i c l es  on the oh ter  hand, tend t o  e x h i b i t  

the opposite type of  behavior, i.e. t h e i r  p i t c h  angles are crowded into 

a s tead i l y  narrowing cone on the way up and spread ou t  on the way down. 

As a consequence, we der ive a d i f f e r e n t  a l t i t u d e  dependence of  density. 

I n  our model, t h i s  conduct 

MOTION OF AN ION 

The scale o f  the grav i ta t iona l  f i e l d  i s  large conpared t o  the 

radius of curvature of ion's t ra jec to ry  i n  the magnetic f i e ld .  Therefore, 

one can apply A l fven ls  per turbat ion method and the guiding center approxi- 

mation, conserving the magnetic moment, or f i r s t  invar iant ,  defined as 

f o l  lows, 

p = rnp sin* /2B = const. 
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where m i s  the ion mass, v the magnitude o f  i t s  veloci ty,  a i t s  p i t c h  

angle and B the magnitude o f  the magnetic f i e l d .  

We 'also make use o f  the fac t  t h a t  a s t a t i c  magnetic f i e l d  does no 

work on a charged p a r t i c l e  moving in.it, which enables us t o  w r i t e  down, 

imnediately, the law o f  conservation o f  energy: 

Here, and in  a l l  the subsequent discussions, the subscr ipt  zero attached 

to a quant i ty  re fers  t o  the value o f  t h a t  quan t i t y  a t  the baropause. 

subscr ipts ,, and I re fe r  to direct ions, p a r a l l e l  and perpendicular 

respectiveiy, ie lat iv iz  tr t h e  hea l  direct ion of the !in= ef ferte., =!on" 3 

which the guiding center of t h e  p a r t i c l e  i s  moving, r i s  the geocentric 

distance of  the pa r t i c l e ,  R i s  the radius of  the baropause and r i s  the 

product o f  the g rav i ta t i ona l  constant and the mass o f  the earth. The 

va r ia t i ons  o f  the quant i t ies  are taken along the l i n e  o f  force. 

The 

Since the 

g rav i ta t i ona l  force i s  conservative, i t  can be integrated along the l i n e  

o f  force t o  give the di f ference i n  g rav i ta t i ona l  p o t e n t i a l  between any 

two points  on the 1 ine of  force. 

Using equation ( l ) ,  equation (2) can be w r i t t e n  i n  the form: 

v412 - VIlO2 = -2p (B-Bo)/m - 2y( 1 - R / r ) / R  (3)  

We now def ine dimensionless variables, i n  terms of  which the remainder 

o f  the ca lcu lat ions w i l l  be carr ied out. 

In terms o f  these variables and the e x p l i c i t  form o f  p, equation ( 3 )  now has the 
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and the l& of conservation of energy becomes: 

u2= u 2  0 - ( 1  - y) ( 5 )  

11 = Y3 (4-3Ye/Y)2/(4-3Ye) (6) 

The ratio of the magnetic fields in these units is given by: 
1 

where ye is the value of y at the geomagnetic equator. 

given, the line of force is uniquely specified by means of its equation: 

If R and ye are 

y = ye/cos2 h (7) 

where A is the geomagnetic latitude. 

usual L in that it is measured in baropause radii instead of the usual 

earth radi i. 

The parameter ye differs from the 

THE DISTRIBUTION OF IONS 

For non-relativistic particles, Liouville's theorem, 

tells us that the differential directional intensity, j, i s  proportional to 

us, and, having been isotropic at the base, it will remain isotropic every- 

where, in the sense that it remains uniform inside the allowed cone. The ratio 

between the omnidirectional differential intensity J (y) and J i s  given by: 
0 

J/Jo = (u/~,)~(Wfi~) (9) 

where fi is the sol id angle subtended by the allowed cone. 
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A particle will reach a level y, if, and only if, it has sufficient 

kinetic energy to overcome the gravitational forces, or in terms of the 

parallel velocity, ul,(y) 2 0, or using equation (4): 

The lowest possible initial velocity is that of a particle having 

only-parallel motion, a = 0, giving: 
0 

Contributions to the intensity at y, for a given initial velocity, 

will come only from a cone of aperture a,, whereurn i s  the initial pitch 

angle corresponding to a pitch angle The cone o f  aperture 

am(",, y) at the barosphere opens up into a complete hemisphere at y. 

= 7r/2 at y. 

On the other hand, there exist particles which originally have no 

parallel velocity (ao = 7r/2), which nonetheless arive at y, having mirrored 

up from the baropause, through the effect of the magnetic field. 

particles must have initial velocities which satisfy the inequality: 

Such 
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A t  the baropause, these pa r t i c l es  f i l l  the e n t i r e  hemisphere. 

However, a t  y, t h e i r  p i t c h  angles have been reduced i n  accordance w i t h  

equation ( 1 ) ,  and they are now crowded i n t o  a cone of aperture a I , 
given by means of  equations ( 1 ) and (5), as: 

alrn(uo,y) = arc s i n  {vuc / (uo  * - (1-y) J t (14) 

This crowding of  the fast  pa r t i c l es  i n t o  a cone i s  i n  cont rad ic t ion  to the 

p i c t u r e  v isual  ized by Johnson (1959). 

We must separate the ions i n t o  two classes, according t o  t h e i r  

i n i t i a l  ve loc i t ies,  and associate a d i f f e r e n t  s o l i d  angle r a t i o  w i t h  

each class: 

1 
Class B: [ ( l - y ) / ( ~ - q g  2 < u 0 < = 

For c lass A, the so l  id angle r a t i o  i s  

above, the allowed t ra jec to r ies  f i l l  the ent  

uni ty,  for ,  as mentioned 

r e  hem sphere both a t  y =  

However, for c lass B, the s o l i d  angle a t  y < 1 and a t  any value o f  y. 

i s  reduced from the hemisphere subtended a t  the base. Using equation 10 , 
the s o l i d  angle r a t i o s  are: 

I 
where the e x p l i c i t  form of  cos a has been obtained from equation (14). m 

The r a t i o  o f  the d i f f e r e n t i a l  dens i t ies  i s :  
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The t o t a l  r e l a t i v e  ion density, normal iLed t o  u n i t y  a t  the baropause, 

i s  obtained by in tegrat ing the above over the Maxwellian d i s t r i b u t i o n  pre- 

v a i l i n g  a t  the baropause. 

where the escape parameter a t  the baropause i s :  

on (15) and f o r  u 

E = m v," /2 k T 

We inser t  the expressions fo r  (- n ) A, B from equat 
RO 

and i t s  der iva t ive  from equation ( 5 ) ,  obtaining: 

Both in tegra ls  can be calculated i n  closed form, giving, a f t e r  some 

manipulation: 



Using the e x p l i c i t  form o f  q given i n  equation (6), one may compute 

values of the r e l a t i v e  densi ty i n  various ways. In graph 1, the var ia t ions 

i n  densi ty o f  hydrogen ions along a radius are presented f o r  r a d i i  passing 

through three d i f f e r e n t  latitudes, assuming a temperature o f  1 m ' K  a t  

the baropause. 

the geomagnetic equator a t  2 barosphere r a d i i  i s  given. 

show the zonal va r ia t i on  of  density f o r  1500' and 2000' hydrogen a t  geo- 

cen t r i c  distances of 2, 5, and 10 barosphere rad i i .  I n  a l l  cases the 

I n  graph 2 the var ia t ion  along the l i n e  of  force crossing 

Graphs 3, 4 and 5 

baropause i s  a t  1 . 1 ear th  rad i  i. 

The densi ty i n  an ion exosphere i s  reduced below tha t  o f  a baro- 

sphere by a fac to r  which depends upon the va r ia t i on  of the magnetic f i e l d  . 

upon the geomagnetic l a t i t ude  and the height of the po in t  i n  question. 

It i s  o f  in te res t  t o  note the comparison i n  graph 1 between our densi ty 

curves and that  o f  Opik and Singer from t h e i r  1959 paper (op. cit.). 

both cases 

ponding barometric d is t r ibut ion.  However, a t  low and middle lat i tudes, 

the decrease i n  scale height i s  greatest i n  the ionized exosphere, as 

might be expected on purely i n t u i t i v e  grounds. The barometric proton 

scale height without the magnetic f i e l d  i s  twice tha t  o f  neutral  hydrogen 

because o f  the e f fec t i ve  grav i ty  reduction, whi le  i n  the exomagnetosphere, 

the lack of  energy p a r t i t i o n  and the const ra in t  o f  motion along magnetic 

f i e l d  l ines  funct ion together to  i n h i b i t  the upward motion of the ions. 

The l a s t  e f f e c t  diminishes with increasing la t i tude,  as indicated by 

graphs 3, 4, and 5, for  as one goes poleward, the l ines  o f  force tend t o  

become more near ly ver t i ca l .  

II 

In  

the exosphere density lapse i s  greater than tha t  o f  the corres- 
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APPENDIX 

JUSTIFICATION OF THE USE OF REDUCED GRAVITY I N  THE ION EXOSPHERE PROBLEM 

Assuming that the ions and electrons have a common temperature, gross 

quasineutra l i ty  o f  the plasma can only be maintained i f  the fo l lowing approx- 

imate re1 a t  ion hol ds 

where the subscripts e and i refer t o  the electrons and ions respectively, 

m i s  mass and 9 the e f f e c t i v e  grav i ta t ional  accelerat ion. As i s  well  known, 

equation (1) leads t o  the conclusion tha t  there must be an e l e c t r i c  f i e l d  

which reduces the e f f e c t i v e  grav i ty  o f  the ion below the normal g rav i ta t i ona l  

accelerat ion be a fac to r  o f  (1 + Z), where c i s  the degree o f  ionizat ion.  

It w i l l  now be shown that i f  the deviat ion from charge n e u t r a l i t y  

exceeds a f r a c t i o n  o f  a percent o f  the t o t a l  number density, the e lect ro-  

s t a t i c  energy generated w i l l  exceed the thermal energy o f  the plasma. 

Assume that above a cer ta in  level  R, there i s  a space charge caused 

by deviat ions o f  the plasma from neutra l i ty ;  these deviat ions are a r e s u l t  

o f  scale height inequal i ty.  

Hi << He 

The e l e c t r o s t a t i c  potent ia l  created by t h i s  charge density w i l l  be: 

We shal l  assume the fol lowing form f o r  the funct ionP ( r )  



Lo r c R  

t EM, ,where E is the electronic charge and AN the deviation from 

neutral i ty. 

This i s  a two-dimensional problem. We integrate over all space 

outside a large sphere of radius R and find the potential drop over 

one scale height H << R. 

usual Legendre polynominals. 

The function in (3) can be expanded in the 

Integrating over r t  and cos0 and using the orthonormality of the 

Legendre polynomials, we obtain, after defining: 

X = (r-R)/H 

Now consider a volume consisting of a column of unit cross section 

and height H CC R and r, and apply the condition that the electrostatic 

energy stored in the layer between R and R+H be no greater than the thermal 

energy of the plasma of  number density N, contained in the column. This 

will give us an upper bound for Mh. 
>> (R/H) >> 1 ,  we have: 

Under the approximation (R/H)2 
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= €(O(R+H)- 0(R)) = - ~ T E ~ M ~  Eelec. 

'thermal = NHkT> I E  elec. I 

g i v i ng : 

AN/N < kT/4m2H 10 

AN/N < 7.1 x 1 1  

For the same temperature and a hydrogen ion density of 5.10' crn-' 

typical of a geocentric distance of 1.4 earth radii (Singer and Lenchek, 

I*), the Debye length may be estimated. Taking the limiting case of 

equality in equation (ll), we find for the Debye length 

1 
h = 6-90 (T/r\N)2 = 120 cm. 

i.e. the Debye length, which is the distance over which the plasma can 

deviate appreciably from neutrality is of the order of a meter, considerably 

smaller than the scale height or any of the other characteristic dimensions 

involved in the problem. 

Equation (11) is, at best, an order of magnitude estimation, for it 

is doubtful that the electrons obey such a barometric density lapse law 

in the exosphere. However, it is clear that even if the density lapse is 

steeper than the barometric lapse, the conditions on the relative deviation 

y established. 

bution law 

if assumed 

will become more stringent and our point is even m r e  strong 

The assumption that the deviation obeys the electrons' distr 

merely strengthens our conclusion, for the ion scale height, 
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to be much smaller than tha t  o f  the electrons, w i l l  a f f e c t  the r e s u l t  on l y  

s l i g h t l y .  , What we have shown is, i n  fact ,  tha t  the ion and e lec t ron  

scale heights must be very close to equal i ty,  for i f  not, e l e c t r i c  f i e l d s  

w i l l  develop which w i l l  tend to  restore the gross n e u t r a l i t y  of  the plasma. 

It i s  p rec ise ly  such a f i e l d  which determines the  e f f e c t i v e  g r a v i t y  o f  

the ions. It should be noted that  t h i s  r e s u l t  does not requi re tha t  any 

p a r t i c l e s  escape, and, therefore, the presence or absence o f  a s t a t i c  

magnetic f i e l d  which t raps the par t i c les ,  but  does no wbrk upon them, 

does not a f f e c t  the r e s u l t  i n  any way. 
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